By using the fiber-base decompositions of manifolds, the definition of warped-like product is regarded as a generalization of multiply warped product manifolds, by allowing the fiber metric to be not block diagonal. We consider the (3 + 3 + 1) decomposition of 7 -dimensional warped-like product manifolds, which is called a special warped-like product of the form M = F × B, where the base B is a onedimensional Riemannian manifold and the fiber F has the form F = F1 × F2 where Fi, i = 1, 2, are Riemannian 3 -manifolds. If all fibers are complete, connected, and simply connected, then they are isometric to S 3 with constant curvature k > 0 in the class of special warped-like product metrics admitting the (weak) G2 holonomy determined by the fundamental 3-form.
Introduction
The notion of holonomy group was introduced by Elie Cartan in 1923 [3, 4] and proved to be an efficient tool for the classification of Riemannian manifolds. The list of possible restricted holonomy groups of irreducible, simply connected nonsymmetric spaces was given by M. Berger in 1955 [5] . Berger's list (improved later in [6, 7] ) includes the groups SO(n), U (n), SU (n), Sp(n), Sp(n)Sp(1) that may occur in the dimensions n, 2n, and 4n, respectively, and in two special cases: G 2 holonomy in seven dimensions and Spin (7) holonomy in eight dimensions. Manifolds with holonomy SO(n) constitute the generic case. All other manifolds are regarded as manifolds with "special holonomy" and the last two cases are described as manifolds with "exceptional holonomy."
The existence of manifolds with exceptional holonomy was first demonstrated by R. Bryant [9] , then complete examples were given by R. Bryant and S. Salamon [10] , while the first compact examples were found by D. Joyce in 1996 [11] . The study of manifolds with exceptional holonomy and the construction of explicit examples is still an active research area both for mathematics and physics [12] [13] [14] [15] [16] [17] [18] [19] [20] (see also the references in these papers). The concept of weak holonomy was introduced by A. Gray in 1971 as an extension of holonomy [21] . Manifolds with weak holonomy groups are also investigated in [22, 23] .
The motivation for our work was, first, the explicit Spin (7) metric on S 3 × S 3 × R 2 given by Yasui and Ootsuka [24] and, second, the explicit G 2 metric on SU (2)×SU (2)×R given by Konishi and Naka [2] . We investigate whether one could get other solutions by weakening some of their assumptions, in particular, without requiring the three-dimensional submanifolds to be S 3 . Note that their metric ansatze were generalizations of warped products, and we take "warped-like product" as a general framework for multiply warped product manifolds. In the present paper, we study special warped-like product manifolds with (weak) G 2 holonomy.
The paper is organized as follows: We present basic definitions of our study in Section 2. In Section 3, we define "warped-like product metrics" as a general framework for our metrical ansatz and, as a special case, we present (3 + 3 + 1) warped-like product manifolds. As in the Spin (7) case studied in [17, 18] , we show that the requirement that the fundamental 3-form ϕ and the Hodge dual of ϕ must be closed forms specifies the connection with suitable global assumptions and, hence, the three manifolds (fibers) from which we start are three spheres, and we recover the Konishi and Naka solution after gauge transformations in Section 4. In Section 5, weak holonomy is investigated in the 7-dimensional case for the special warped-like product metrics. Using the fundamental 3-form Harran University, Sanliurfa, Turkey. ϕ and its relation with weak holonomy, we also prove that the fibers are isometric to S 3 with constant curvature k > 0, as obtained in Section 4. The conclusions of the study with further remarks are summarized in Section 6.
Technical Preliminaries
2.1. G 2 Manifolds and the Fundamental 3-Form. As G 2 is a subgroup of SO (7), a manifold M with G 2 holonomy is a real orientable 7-dimensional manifold called a G 2 manifold. It is classified by the existence of a certain 3-form ϕ, which is called fundamental and denoted by ϕ [9].
2.1.1. G 2 -Structure. A 7-dimensional manifold M admits a G 2 -structure if the structure group of the frame bundle reduces to the exceptional Lie group G 2 ⊂ SO(7) ⊂ GL (7) [27]. The existence of a G 2 -structure on M is equivalent to the existence of a positive nondegenerate 3-form ϕ defined on the entire manifold. By using using this 3-form it is possible to define a Riemannian metric g ϕ on M [8]
If ϕ is parallel with respect to the Levi-Civita connection, i.e., ∇ϕ = 0, then the holonomy group is contained in G 2 , the G 2 -structure is called parallel and the corresponding manifolds are called G 2 -manifolds [27] . In this case the induced metric g ϕ is Ricci-flat [25].
Manifolds with G 2 Holonomy.
We now present the following definition of G 2 manifold by using holonomy:
Definition 2.1. Let (M, g) be a Riemannian manifold. If the holonomy group of g is contained in G 2 , then M is called a G 2 manifold.
In the present paper, we are interested in 7-dimensional real oriented manifolds whose holonomy group is a subgroup of G 2 . These manifolds are characterized by the existence of a closed and G 2 invariant 3-form called the "fundamental 3-form ϕ" [9] . Conversely, if the fundamental form and its Hodge dual are closed, then the manifold has G 2 holonomy, as follows from by the following theorem of Fernandez and Gray: The proposition presented above implies that, under the assumption of existence of a globally defined fundamental 3-form (i.e., the existence of a positive nondegenerate 3-form), the problem of proving that M has G 2 holonomy is reduced to the local problem of checking that ϕ and * ϕ are closed forms. We do this, under a simplifying assumption, which is called the "warped-like product" metric ansatz. As a special case, in seven dimensions, we consider product manifolds M = F 1 × F 2 × B, where F 1 and F 2 are 3-manifolds and B is diffeomorphic to R. Since all 3-manifolds are paralellizable, the first assumption ensures the existence of independent sections of the fiber in the product decomposition M = F × B and the second assumption is made for convenience.
2.2. Weak Holonomy Group G 2 . The concept of weak holonomy group was introduced by Alfred Gray in [7] . Much of the early work of Gray was devoted to the study of Riemannian manifolds with special holonomy groups. We present Gray's definition of the weak holonomy group of a seven-dimensional Riemannian manifold. Gray proved the following important result about the weak holonomy group G 2 :
